We present an analytic formula for the galaxy bispectrum in redshift space on the basis of the halo approach description with the halo occupation distribution of central galaxies and satellite galaxies. This work is an extension of a previous work on the galaxy power spectrum, which illuminated the significant contribution of satellite galaxies to the higher multipole spectrum through the non-linear redshift space distortions of their random motions. Behaviors of the multipoles of the bispectrum are compared with results of numerical simulations assuming a halo occupation distribution of the LOWZ sample of the SDSS-III BOSS survey. Also presented are analytic approximate formulas for the multipoles of the bispectrum, which is useful to understanding their characteristic properties. We demonstrate that the Fingers of God effect is quite important for the higher multipoles of the bispectrum in redshift space, depending on the halo occupation distribution parameters.
I. INTRODUCTION
The three-point correlation function and the bispectrum are the simplest quantities that characterize the nonGaussian properties of clustering. Results from the Planck satellite have shown that the primordial perturbations are almost Gaussian [1] , but non-Gaussian properties in the density perturbations arise in the course of nonlinear evolution of the clustering of matter and galaxies under the effect of gravity [2] [3] [4] [5] [6] . Thus, the galaxy bispectrum is a fundamental tool for characterizing non-Gaussian properties of galaxy distributions (for a review, see, e.g., [7] ). A precise galaxy bispectrum was recently measured in the Sloan Digital Sky Survey (SDSS) III baryon oscillation spectroscopic survey (BOSS) galaxies distribution, and the usefulness for constraining cosmological parameters was demonstrated [8, 9] . There are many theoretical works on bispectra including redshift space distortions (e.g., [10] ). The bispectrum in modified gravity theories has also been investigated in Refs. [11] [12] [13] [14] [15] [16] [17] [18] . In general, however, it is difficult to construct a theoretical model for galaxy bispectra that fits observational bispectra at small scales, even in the framework of Newtonian gravity. We challenge this problem to construct an analytic model for the galaxy bispectrum in redshift space, considering not only monopoles but also higher multipoles of bispectra, which reflects the redshift space distortions more significantly.
In a previous work [19] , it was demonstrated that the halo approach is quite useful to explain the multipole power spectra in redshift space of SDSS luminous red galaxies (LRGs), in which the halo occupation distribution (HOD) of central galaxies and satellite galaxies plays an important role. One halo term in particular makes quite a large contribution to the higher multipole spectra at large wavenumbers k > 0.2h −1 Mpc. This discovery provides useful applications of the higher multipoles spectrum in the quasi-linear and nonlinear regimes [20, 21] . As an extension of our previous work [19] , we develop an analytic formula for the galaxy bispectrum on the basis of the halo approach with the HOD of central and satellite galaxies. In Ref. [22] , the authors presented an analytic model of the bispectrum of galaxies in redshift space with the halo approach. However, our work utilizes a framework with central galaxies and satellite galaxies, which plays a crucial role in the theoretical formula. In particular, we show that satellite galaxies are essential to accurately describe the multipoles of bispectrum in redshift space. This paper is organized as follows. In section 2, we first review the bispectrum in the standard perturbation theory as well as the halo approach description of galaxy clustering, which are the basis of our theoretical model of the bispectrum. Then, in section 3, the multipoles of the bispectrum and the reduced bispectrum are introduced. The characteristic behaviors of the multipoles of the reduced bispectrum are demonstrated by adopting the HOD of the SDSS-II LRG sample and the SDSS-III BOSS low redshift (LOWZ) sample. The multipole bispectrum is compared with the result of numerical simulations by adopting the same HOD of the SDSS-III BOSS LOWZ sample. Analytic approximate formulas for the multipoles of the bispectrum are presented in section 4, which is useful to understand their characteristic properties. Section 5 is devoted to summary and conclusions. The Appendix lists analytic formulas that are useful for the multipoles of bispectrum in redshift space.
II. DERIVATION OF THE THEORETICAL FORMULA
A. Bispectrum in the standard perturbation theory
We start with reviewing the bispectrum in redshift space in the standard cosmological perturbation theory [10] , which is useful as an introduction to the bispectrum. The fluid equations in an expanding universe are given bẏ
with the cosmological Poisson equation
3) where δ(t, x) and v i (t, x) are the density contrast and the velocity field respectively, ψ is the gravitational potential, a is the scale factor, the dot denotes the differentiation with respect to the cosmic time t, x is the comoging coordinate, andρ m is the background matter density. The spatially flat Friedmann equation is
where Λ is the cosmological constant. Using the Hubble parameter H, the cosmological Poisson equation is written as △ψ(t,
where Ω m is the density parameter at the present epoch. As we consider only scalar mode perturbations, by introducing the Fourier expansion for δ and θ(= ∇ i v i /aH), 
the fluid equations reduce to
denotes the Dirac's delta function. Following the standard cosmological perturbation theory, we find the solution in the expanded form (see e.g., Refs. [16, 17] ),
where D 1 (t) and is the linear growth factor, f (t) = d ln D 1 (t)/d ln a(t) is the linear growth rate, and δ L (p) describes the linear density perturbations, which obeys the Gaussian random distribution with 11) where P m (k) is the matter power spectrum. Here W α (p) and W γ (p) are defined as
12)
λ(t) and λ θ (t) are also defined as 17) where D 2 (t) is the decaying mode solution. Note that λ(t) and λ θ (t) reduce to one in the limit of the Einstein de Sitter universe (see also [23, 24] ). In the present paper, we adopt an approximation λ(t) = λ θ (t) = 1, whose validity is shown in Refs. [16, 17, 25] , then, we write the solution up to the second order as,
where we defined
Now we consider the density contrast in the redshift space, and define 23) where s denotes the coordinates in the redshift space, γ is the line of sight direction. Hereafter, we write the linear growth rate as f = d ln D 1 (a)/d ln a. The Fourier coefficient of the density contrast in redshift space δ s (t, s) is defined by
By using the expansion, 25) up to the second order of perturbations, we have
where we define
27)
Next we compute the three-point clustering statistics. With the use of the relation
and Eq. (2.11), we have
where we defined 36) and 38) and
, and k 12 = |k 1 + k 2 |. We may also rewrite (2.20) and (2.21) as
where we use the notation 
B. Halo approach
The halo approach is useful to describe distributions of dark matter as well as distributions of galaxies from large to small scales [26] [27] [28] [29] . In this approach, all dark matter and galaxies are associated with virialized dark matter halos. The basic quantities of this approach are the dark matter density profile of a halo ρ(r) and the halo mass function dn/dM .
In the present paper, we assume the Navarro-Frenk-White (NFW) density profile [30] ,
where the characteristic density ρ s and characteristic scale r s are fitting parameters. The virial mass of a halo within the virial radius r vir , which is related to the concentration parameter c by c = r vir /r s , is defined such that the averaged density within the radius is ∆ vir times of the mean matter densityρ m (z). Then, the virial mass M vir is written as
where we adopt ∆ vir = 265 at z = 0.3. We use M vir as the mass of halos. Then, we introduce the Fourier transform of the truncated NFW profile (see [28, 29] ),
where C i (x) and S i (x) are defined by
Because we are interested in the distribution of galaxies, we introduce the halo occupation distribution N HOD (M ), which describes the average number of galaxies inside a halo with mass M . In our approach, we introduce a description with central and satellite galaxies. Central galaxies reside at the centers of halos, while satellite galaxies reside in off-center regions of halos with large random velocities. We use the following form of the HOD with central galaxies and satellite galaxies [31] ,
(2.45)
46)
where erf(x) is the error function. We adopt the HOD parameters listed in Table I for the SDSS LRG catalog [32] and for the SDSS-III BOSS LOWZ catalog [33] . Assuming that the number of groups with N sat satellites [32] and the LOWZ sample [33] .
follows the Poisson distribution [34] , the averaged satellite-satellite pair number N sat (N sat − 1) per halo goes to N cen N sat 2 . A deviation from the Poisson distribution for smaller halos could be influential for estimating the second and third moments of the galaxy distribution within a halo. We have checked the effect by introducing the formulas
However, this effect does not alter our results because the halo mass of the galaxy samples adopted in the present work is large. We assume that the distribution of satellite galaxies follows the NFW profile, and that the Fourier transform of the truncated NFW profile (2.43) represents the power spectrum of the one-halo term. These assumptions do not alter our results. We assume that the satellite galaxies have internal random velocities following a Gaussian distribution specified by the one-dimensional velocity dispersion [19, 21, 32, 38] ,
These random motions cause the Fingers of God (FoG) effect, which changes the distribution of satellite galaxies in redshift space. Assuming that satellite motions in a halo are uncorrelated with each other, then the Fourier transform of the distribution of the satellite galaxies in redshift space is obtained (e.g., [19] ) as
The other key quantity of the halo-approach description is the halo mass function dn/dM , which is the number density of halos with mass M per unit volume and per unit mass. For the halo mass function, we adopt the fitting formula in Refs. [39] [40] [41] 
and ν = δ c /σ(R), where σ R is the root mean square fluctuation in spheres containing mass M at the initial time, which is extrapolated to the redshift z using linear theory, δ c is the critical value of the initial overdensity which is required for collapse, and δ c = 1.686 is adopted.
For the linear bias b(M ), we adopt the halo bias of the fitting function,
with a = 0.132, b = 1.5 and c = 2.4, which was calibrated using N-body simulations [42] . The power spectrum in the halo approach is given by a combination of the one-halo term and the two-halo term (see [19] ),
(2.54)
The one-halo term is given by
wheren is the mean number density of galaxies given bȳ
while the two-halo term is given by
where P m (t, k) is the matter power spectrum at the time t, for which we use the nonlinear fitting formula for the matter power spectrum [30] . We also use the fitting formula of the linear growth rate
where Ω m (a) is the matter density parameter at the scale factor a = a(t) and γ = 0.55.
The one-halo term of the power spectrum (2.55) represents the contribution from a pair of galaxies in one halo, as is shown in panel (B) of Fig. 1 . The two-halo term (2.57) represents the contribution from a pair of galaxies in two different halos, as are obtained by combinations of the galaxies in each panel of Fig. 1 .
In Ref. [19] , using the SDSS LRG sample, the authors demonstrated that satellite galaxies make a significant contribution to the multipole power spectrum even when their fraction is small, where the multipole galaxy power spectrum of P g (t, k) is defined by
using the Legendre polynomial L ℓ (µ) with µ = γ · k/k. The one-halo term, describing the FoG effect of satellite galaxies, makes the dominant contribution to the higher multipole spectra with ℓ ≥ 2. It is also demonstrated that small-scale information of the higher multipole spectrum is useful for calibrating the satellite FoG effect and testing gravity theory on halo scales [21] and dramatically improves the measurement of the cosmic growth rate [20] .
III. BISPECTRUM IN THE HALO APPROACH A. Variables for the bispectrum in redshift space
The bispectrum with the halo approach is investigated in Ref. [22] . In the present paper, as a generalization of a previous work [22] , we present an analytic expression for the bispectrum applying the halo approach with the HOD description with central galaxies and satellite galaxies. We focus on the bispectrum B g (t, k 1 , k 2 , k 3 ), which is defined by
Thus the bispectrum B g (t, k 1 , k 2 , k 3 ) implicitly assumes k 1 +k 2 +k 3 = 0. Since we have the constraint k 1 +k 2 +k 3 = 0, the bispectrum is described by the five parameters,
, and φ, as variables of Table II ).
the bispectrum, with which we write the vectors
For the configuration of the variables, see Fig. 3 and Table II . Then, we can write µ i as
64) µ 2 =k 2 · γ = sin θ 12 sin ω sin φ + cos θ 12 cos ω = sin θ 12 1 − µ 2 sin φ + cos θ 12 µ, (3.65) Figure 3 ). The bispectrum is the function of the five variables, k1, k2, θ, ω, and φ.
B. Expression for the bispectrum in redshift space
The bispectrum in the halo approach consists of the one-halo term B g,1h , the two-halo term B g,2h , and the three-halo term B g,3h as
which are written as
75)
, and k 12 = |k 1 + k 2 |. The directional cosine between the vector k j and the line-of-sight direction is µ j = k j · γ/k j . Hereafter, we set b 2 = 0 unless otherwise stated explicitly. In each panel the (green) dotted curve is the one-halo term contribution, the (blue) short-dashed curve is the two-halo term contribution, the (red) long-dashed curve is the three-halo term contribution, and the (black) solid curve is the total combination. The right figure shows the same as the left figure but for the LOWZ sample.
We introduce the multipole of the bispectrum [10, 43] ,
where L ℓ (µ) is the Legendre polynomial. Then, we define the multipoles of the reduced bispectrum as
where P 0 (t, k i ) is the monopole spectrum of the galaxy power spectrum P g (t, k i ), which is defined by Eq. (2.54). Because B g (t, k 1 , k 2 , θ, ω, φ) consists of the one-halo term, the two-halo term, and the three-halo term, B ℓ,0 (k 1 , k 2 , θ) and Q ℓ,0 (k 1 , k 2 , θ) are written as the sum of the corresponding three components,
and 2. Higher multipoles of the bispectrum Q 2,0 (k1, k2, θ) and Q 4,0 (k1, k2, θ)
Figures 5 and 6 show the same as Fig. 4 but for Q 2,0 (k 1 , k 2 , θ) and Q 4,0 (k 1 , k 2 , θ), respectively. One can recognize the following features from these figures: For the higher multipoles Q ℓ,0 (k 1 , k 2 , θ) with ℓ = 2 and 4, the one-halo term and the two-halo term make a significant contribution for k > ∼ 0.1 h/Mpc. The contribution from the one-halo term and the two-halo term to the multipole bispectrum is more significant in the LOWZ sample than that in the LRG sample.
Comparison with the results of mock catalogs
For comparison with our analytic model, we construct simulated samples assuming the HOD of the SDSS-III BOSS LOWZ sample. We run 10 realizations of N-body simulations at the side length of 1h −1 Gpc with the number of mass 5 5 , from left to right, while the ratio of k1 to k2 is fixed equally as k2/k1 = 2. In each panel, the solid curve is our theoretical model, while the dash-dotted curve is the same except for setting σ v,off = 0. The meaning of σ v,off = 0 is that the random velocity of the satellite galaxy is neglected, thus the FoG effect is neglected. The data with error bars are the results from mock catalogs from numerical simulations. The thick (green) data points and thin (red) data points respectively correspond to the cases in the presence and absence of σ v,off , corresponding to the solid curve and the dash-dotted curve. All values in the bottom left two panels are multiplied by a factor of 5.
particles set as 800 3 (mass for each particle set as 1.3 × 10 11 h −1 M ⊙ ) using Gadget-2 code [44] . The softening length is set to be 50h −1 kpc. The initial mass distribution is Gaussian starting from z = 49 generated by the 2LPT code of [45] . We adopt a flat ΛCDM cosmology with the following parameters: Ω b = 0.046, Ω m = 0.273, n s = 0.963, h = 0.704, τ = 0.089, and σ 8 = 0.809. The halo is identified with the friends-of-friends algorithm with a linking length of 0.2. The minimum number of mass particles is 10, corresponding to the mass of 1.3 × 10 12 h −1 M ⊙ . When comparing with our theoretical model, we add this cut of minimum mass in the integration of mass. The central and satellite galaxies are assigned to each halo to follow the HOD of BOSS LOWZ sample. The position and velocity of each central galaxy are given as the arithmetic mean of all particles in the halo. The position and velocity of satellites are defined as those of randomly-selected mass particles. We confirmed that the mass resolution of our simulation is sufficient for the following comparison with our theoretical model. The data points with error bars in each panel of Fig. 7 are the results of the numerical simulations. The error bars represent 1-sigma dispersion of 10 simulation results divided by √ 10, which roughly corresponds to the sample variance for 10(Gpc/h) 3 volume data. The binning widths of k 1 , k 2 and θ are set to be 0.01h/Mpc, 0.02h/Mpc and π/12, respectively. Figure 7 shows a comparison between our analytic model of the multipoles of the reduced bispectrum and results of numerical simulations at various wave numbers of k 1 (= k 2 /2) (see the caption of Fig. 7) . Here we adopt the HOD of the SDSS-III BOSS LOWZ sample. In each panel of this figure, the solid curve is the analytic model, while the data points with the thick (green) error bars are from the numerical simulations. The dash-dotted curve is the analytic model prediction but with settings such that the random velocity of the satellite galaxies is zero, i.e., σ v,off = 0. The data points with the thin (red) error bars are the results of the numerical simulation assuming that satellite galaxies have the same velocities as those of the central galaxy in the halos, corresponding to the theoretical curve with setting σ v,off = 0. Figure 7 shows that our theoretical model well explains the characteristic behavior of the bispectrum from the numerical simulations, though some differences arise for the cases with larger wavenumbers at a quantitative level. However, the behaviors of the simulations are reproduced at a qualitative level.
IV. APPROXIMATE FORMULA
We have found that the characteristic behaviors of the multipoles of the bispectrum can be explained by our analytic model. Further, we derive analytic approximate formulas for the multipoles of the bispectrum, which will be useful to understand the physical properties and the origin of the characteristic behaviors of the multipoles of the bispectrum.
According to the case of the multipole power spectrum [19] , we assume the following approximate formulas for the one-halo term, the two-halo term, and the three-halo term,
where we use the approximate formula
for i = 1, 2 and 3,b, and σ v,off are averaged values of the bias and the random velocity of satellite galaxies over the halo mass, and f s is the satellite fraction. Here we introduce the characteristic length scale, associated with the random motions by
and we includeb 2 as an averaged value of the bias parameter b 2 .
A. One-halo term
Following the definition of (3.76) and (3.78), by expanding the formulas by the power of λ 2 v,off , we have the following approximate formulas for the contribution from the one-halo term
Thus, the contribution from the one-halo term to the multipole bispectrum is on the order of f 
Similarly, one can derive the contribution from the two halo term to the monopole bispectrum and the quadrupole bispectrum as
2 ) cos 2θ − 2f k 1 ((9b + 5f )k 2 cos 3θ + f k 1 cos 4θ)
Thus, the contribution of the two-halo term to the multipole bispectrum is in proportion to f s /n. The dominant term in the monopole bispectrum from the two-halo term is roughly on the order of 2(f s /n)(P
is the monopole galaxy power spectrum in linear theory, defined by
with ℓ = 0. Explicitly, we write 2h (k 1 , k 2 , θ) with ℓ ≥ 2, the contributions of the terms in proportion to λ 2ℓ off are important. In summary, the two-halo term contribution to the multipole bispectrum is more important than that of the one-halo term, and can be roughly expressed as
for ℓ = 0 and 2.
C. Three-halo term
For an analytic description, we complete this section by presenting the analytic formula for the multipole bispectrum from the three-halo terms, which can be written as In the above expressions, (4.85) and (4.91), the contribution to the monopole bispectrum from the one-halo term and from the two-halo term, respectively, the dominant terms in the limit k 2 λ 2 v,off ≪ 1 are positive and almost constant as functions of θ. On the other hand, for k 2 λ 2 v,off > ∼ 1, they depend on k and θ. These properties explain the characteristic behaviors of their contribution to the monopole bispectrum in Fig. 4 .
From the expression (4.86), the contribution to the quadrupole bispectrum from the one-halo term, we read that the one-halo term contribution to the quadrupole bispectrum is negative. We also find that the expression (4.92), the contribution to the quadrupole bispectrum from the two-halo term, is positive in the limit k 2 λ 2 v,off ≪ 1, but the terms in proportion to λ 2 v,off are negative. This can be easily checked for θ = 0. The latter terms explain the behaviors of the quadrupole bispectrum for k > ∼ 0.1 in Fig. 5 . Thus, the FoG effect is important for the higher multiple bispectrum.
V. SUMMARY AND CONCLUSIONS
In summary, we have developed an analytic model of the redshift space bispectrum based on the halo approach with the HOD with central and satellite galaxies. We have demonstrated characteristic behaviors of the multipoles of the bispectrum depending on the HOD parameters of galaxy samples. In particular, the contribution from the two-halo term to the multipole bispectrum is important at the scales k > ∼ 0.1h/Mpc. The one-halo term makes a non-negligible contribution to Q ℓ,0 at the scales k > ∼ 0.1h/Mpc. The influences from the one-halo term and the two-halo term are more significant for the higher multipole bispectrum Q ℓ,0 with ℓ ≥ 2. Based on our analytic approach, we have derived the approximate formulas for the multipoles of the bispectrum. Summarizing the results in section 4, we can write the one-halo term contribution to the multiple bispectrum, Eqs. (4.88), (4.89), and (4.90). In the SDSS-II LRG sample and SDSS-III BOSS LOWZ sample, the satellite fraction is small, 5% and 11%, respectively, and the number of halos containing more than three galaxies is small. Therefore, the one-halo term contribution is smaller than the two-halo term contribution. In general, the two-halo term contribution to the multipole bispectrum is more important, and can be roughly expressed by Eq. Thus, we have found that our model well describes the simulated bispectrum, including the FoG effect. The disagreement between the model expectations and the simulated results, however, increases as the scale goes nonlinear. One of the reasons for this disagreement comes from the approximation of the halo clustering terms P 2h (3.71) and P 3h (3.72) with linear Kaiser formulas. We expect that the agreement would improve by directly using the simulated results of these terms instead of the Kaiser approximation. We leave this to work in the near future.
In our analysis, we adopted the fitting formula for the halo mass function (2.52) and for the bias model (2.53). We may use other formula for the bias, e.g., in Ref. [47] , and for the halo mass function e.g., in Refs. [48, 49] . We checked how our results depend on the models the bias and the halo mass function. Our conclusions of the present paper are not altered qualitatively, however, the results depend on the models for the bias and the halo mass function, at a quantitative level. The modification is not so significant but it cannot be negligible, especially for the higher bispectrum Q ℓ,0 with ℓ ≥ 2. The results suggest that the uncertainties of these properties cause difficulties in precisely predicting the bispectrum. Conversely, the information of about the bias, the mass function, and the galaxy-halo connection are included in the bispectrum of galaxies, therefore, the validity of their models might be investigated through the observational measurements.
